Introduction. Several authors have considered the problem of establishing oscillation and nonoscillation criteria for elliptic equations. We refer the reader to the books by C. A. Swanson [15] and K. Kreith [8] where extensive bibliographies can be found.
Most of the interest has so far centered on second order equations, with some results also established for fourth order equations. In this paper we establish several nonoscillation theorems for elliptic equations of order In. These theorems extend in particular, results of Swanson [14] , Piepenbrink [12] , Headley and Swanson [5] and Yoshida [16] .
Our proofs make extensive use of variational arguments, of extended Sobolev-type inequalities and of estimates on quadratic forms associated with elliptic equations.
The first part of the paper discusses some preliminary comparison theorems and lower estimates on quadratic forms. The second part deals with the nonoscillation of operations defined in subdorcteins of E m for m^2. In the next part, some results are established for operations defined in subdomains of E 2 . The final part deals with extensions to more general cases. ( inf Lemma 0 is a well known consequence of the Courant min-max theory of eigenvalues. We next employ the procedure of [1] , [10] to associate a symmetric matrix (A (/ X i = 1 .. <N with any symmetric expression (flα,p)iαi=i/3i=n, as follows: let σ denote a bijection from the first N = (n + m -l)!//t !(m -1)! integers to the set of m -tuples whose sum is n. We define A {] by Λ f/ = a σ{ι)σ{j) . Clearly the specific choice of the map σ does not affect the smallest eigenvalue of (A I; ). Proof. Let φ E Co (ft), and let σ be a bijection from the first N integers to the m-tuples whose sum is n. It follows that:
Definitions and notations.
The integral on the right hand side is nonnegative by assumption (i We will say that L majorizes € whenever condition (i) of the Lemma holds.
The conditions of Lemma 1 are clearly satisfied by any L whose leading part has constant coefficients, or in case n = 1 and L is uniformly elliptic in the whole of Ω. Similar arguments also show the validity of the following Corollary which gives another condition on (a aβ ) which is sufficient for an inequality analogous to that of Lemma 1 to hold. COROLLARY 1. Let μ(x) denote the least eigenvalue of (aσ(i) where χ = inf H=n (a \/n !).
The next Lemma represents an extension of a lemma of Rellich [13] (where only the case a = 0 was considered). Since the proof of Lemma 2 parallels that given in [13] , and in view of the lengthy calculations involved, the proof is only sketched. Following the reasoning of the discussion preceding the Proof of Theorem 1 of [13, p. 93] , we introduce new functions g, = r~βf t , with β = (4-α -m)/2, and integrate by parts repeatedly to reduce the right hand side of (1) to:
Since α^O, the coefficient of (gί) 2 is nonnegative for / = 0,1, •""• Consequently: 
Proof. If we set z =(m 2 -4m +4a -a 2 )/2, η(fe) = fc(fe + m -2), then
Since ^[η-f z] has a single minimum at η= -z/2 it follows that τ(α)S -z 2 /4, and at a minimum,
Finally, the minimum is achieved only if η = -z/2, i.e. if for some α, fe, m equation (2) is satisfied. 
Proof. Set h(k)= τj(fe)[τ/(fc)+z].Then ft(fc)is a quarticin fc, with zeros at η(fc) = 0 and η(k)+ z = 0. The first condition gives roots of h(k) at k = 0, /c = 2 -m. The second condition gives possible roots at:
The larger of the possible roots will exceed 1 iff:
Since this violates the condition of the Corollary, we conclude that all roots of h(k) do not exceed 1. Consequently h(k) is nonnegative for fc = l, .
The next Lemma was established as a consequence of a more general result by J. Piepenbrink [11] , by considerations involving Picone type identities. We give a much shorter direct proof, which will also be useful in the sequel. LEMMA 3 [11] . Let ψGQ(Ω), a<ΞE ι . Then the following inequality is valid: 
Proof. Consider inequality (i). We observe that for t = 1, this is precisely Lemma 2. Assume next that the inequality is valid for t = T, then: Nonoscillation Criteria (m ^ 2). We first consider the case m ^ 2. The case m = 2 will be considered in the next section. We begin with a Kneser-type theorem: THEOREM 1. Let L majorize an elliptic expression with constant coefficients and ellipticity constant μ 0 . Assume that:
T/ien L is nonoscillatory. Proof. If we assume the contrary, then given any sphere R there exists a bounded domain FCίl-J? and a function u E H°n(F) such that (u,J£u) = 0. By Lemma 1 it follows that:
Estimating the first inner product by Corollary 4 leads to the desired contradiction.
We observe that examples involving Schrodinger equations can easily be constructed both for the cases n = 1 and n = 2 to show that in general the constants in Theorem 1 cannot be improved upon. 
Proof. Assume first that n is even. By Corollary 2, K(-4i) will be positive for / = 0, , n/2-1 unless for some integer fc^O the following relations are valid: (m+4i-2n) 2 .
/=0

Π i=0
Similarity, for n odd, it follows that: x Π (m+4i-2n)
1=0
Finally the result can be shown for the case m = 1 by a simple iteration procedure using inequality (3) of Lemma 3. Theorem 1 and Corollary 5 reduce in special cases to several known criteria. If n = m = 1, then we obtain Kneser's classical result [6] ; if n = 2, m = 1 then we have a result of Leighton and Nehari [9] ; if n = 1, then we have a theorem of Headley and Swanson [5] ; if n = 2 and m > 4 then we have a result of Yoshida [16] 
J-
Then L is nonoscillatory.
Proof. If we assume to the contrary that L is oscillatory, then given any sphere R λ there exists a bounded domain F C Ω -R { and a function uEH°n(F) such that:
Then, by Corollary 4,
We observe that, by Holder's Inequality and generalization of Sobolev's Estimates [3, p. 24] , it follows that for some constant C and any φ E CQ(Ω-Ri) 7 the following inequality holds:
A simple limit argument shows that this inequality is also valid for w, hence:
Choosing R } sufficiently large gives a contradiction. As a corollary of Theorem 2, we obtain an extension of a theorem of [12] , where the case M = 1 was considered. We recall that L is unconditionally nonoscillatory if for any constant A >0 the operation:
is nonoscillatory. Proof. We observe that, for all e >0, λ >0:
The result follows from Theorem 2.
We observe that as a consequence of the above results it follows that if (α O o)+ is bounded and the measure of Ω is finite then L is nonoscillatory.
We conclude this section with a brief heuristic reference to an alternate method which, although less general, is considerably simpler than the one we have followed. The arguments now introduced will also be useful for the case m = 2 discussed in the next section. The basic ideas are contained in the following Lemmas. The proof of the first Lemma is immediate from the Courant min-max theory of eigenvalues. LEMMA 4. // (-l) n Δ n u -(a m ) + u is oscillatory in {x/\x\> R}, then it will also be oscillatory if with a nodal domain we associate the boundary conditions: u = Δw = = Δ nl w = 0 instead of the standard null conditions.
LEMMA 5. Let 3F = {u\ u E C°°(-R), u positive and (-l)'Δ'w ^0 in -R for t = 1, , n] for some sphere R. Assume L majorizes an operation with constant coefficients and ellipticity constant μ 0 and that, for some u E 3F and all x E -R, the following inequality holds:
Proof. Without loss of generality we may assume that equality holds in (6) . If L is oscillatory, then by Lemma 4 there exists a bounded domain F'C -R and a nontrivial function υ such that:
Let e be chosen so that inί x&F (u(x)-ev(x)) = 0. In view of the boundary conditions, there exists a point JC 0 EF' such that:
We observe that:
. By induction, it follows that -Δ(u -eυ)^0 in F'. Since u-evψ^O, then it cannot have a minimum of zero [7] , and the contradiction establishes the Lemma.
The proof of Lemma 5, for n even, can also be based on integral identities similar to those of Diaz and Dunninger [2] . Our procedure appears simpler, since only a form of the maximum principle is employed, and with slight modifications it also leads directly to the establishment of Sturmian theorems similar to those given in [2] . The theorem may also be established by the simple variable change: φ = (In \x \) 1/2 φ, and the use of Lemma 3. This and other radial results can also be obtained by the methods of [14] . Simple radial examples can be constructed to show that this is the best possible result in the sense that the constant μ {) 4~] cannot be improved upon. THEOREM 4. Let the conditions of Theorem 3 hold except for inequality (7) . Assume that a 00 E C 2 (Ω) and that for some e > 0, there exists a sphere R such that: [a oo 
Proof It suffices to show that -Δw -a oo μό ι u = 0 is nonoscillatory. Assuming the contrary we find that given any sphere R { there exists a bounded domain FCίl-i?, and a function φ E Co(F) such that:
By introducing the change of variable y = x/\x | 2 , we conclude that there exists a deleted annular neighborhood N of 0, with diameter ^ 1, and a function ψ E C%(N) such that: for some constant K. Choosing R λ sufficiently large leads to the desired contradition.
It is interesting to note that we cannot take e = 0 in the previous result so that the result of Corollary 6 cannot be extended to this case, as the following example shows. More General Cases. We conclude by considering some extensions of the previous results to more general operators.
The above discussion dealt only with self-adjoint operators defined by operations such as L. The results however are immediately applicable to the wider class of nonselfadjoint elliptic operators for which we can conclude that if F is a nodal domain for the arbitrary operator i? then for some nontrivial function u we have 0 = (j£w, u) = (((i? + £*)/2)u, u\ where S£* denotes the adjoint of S£. Consequently, conditions which are sufficient for the nonoscillation of the selfadjoint operator (β + i?*)/2 are also sufficient to guarantee the nonoscillation of S£. We illustrate these remarks with the following example: is oscillatory. A contradiction now follows from Theorem 2. Corollary 7 extends a pointwise theorem first established by Swanson [14] . Finally, we consider some possible extensions to selfadjoint operators of a more general type, specifically to those generated by expressions of type:
